Introduction
A fundamental problem in algebraic number theory concerns the study of the absolute Galois group of the field Q of rational numbers. Class field theory partially resolves this problem by explicitly describing the Galois groups of the maximal abelian extension of any number field. The study of various representations of the absolute Galois group of Q that occur naturally in arithmetic geometry affords another approach in attacking this problem. In this note, we shall outline yet another path, which has its origins in Iwasawa theory and describes the Galois groups of certain infinite extensions of p-adic Lie extensions of a number field. This article is largely expository in nature, with the exception of the last part of section 4, where we give a different proof of Theorem 4.5 that fits with the approach in this paper (see [17, Lemma 1] for a simpler proof). Here is how the paper is organised. We start with a brief discussion of Iwasawa's celebrated µ = 0 conjecture, and show how it may also be viewed as a conjecture for the trivial Tate motive. Thereafter, we explain how Iwasawa's µ = 0 conjecture proves the freeness of certain prop Galois groups of infinite p-adic Lie extensions of Q. We then proceed to describe the analogue of this conjecture for the motive of an elliptic curve, whose formulation was carried out in a joint work with J. Coates a few years ago ('Conjecture A' in [2] ). Finally, we discuss some recent results that prove Conjecture A in special cases.
Throughout, p will denote an odd prime and Z p (respectively Q p ), will denote the ring of p-adic integers (resp. the field of p-adic numbers). Given any number field F , we shall denote by F cyc the cyclotomic Z p -extension of F . Recall that an extension L of F is said to be a p-adic Lie extension if the Galois group Gal(L/Q) is a p-adic Lie group [12] . The cyclotomic extension F cyc is a basic example of a p-adic Lie extension of F , and has been studied extensively for over a century, culminating in Iwasawa's seminal works [8] , [9] . For any finite set S of primes in a number field F , F S denotes the maximal extension of F unramified outside S. We shall always assume that S contains the set S p of primes in F that lie above p, and the archimedean primes. Given a field L, the p-cohomological dimension of the field will be denoted by cd p (L). If G is a profinite group, the Iwasawa algebra of G is denoted by Λ(G), and we recall that it is defined as
where U runs over all open normal subgroups of G, with the inverse limit being taken with respect to the natural surjections. For any number field F , we shall denote the Galois group Gal(F cyc /F ) of the cyclotomic extension by Γ. Given a discrete module M over the Iwasawa algebra Λ(G), we denote its compact Pontryagin dual by M ∨ . For any module M over the Iwasawa algebra Λ(G), M (p) denotes the p-primary torsion submodule of M .
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Iwasawa's µ = 0 conjecture
In this section, we describe the celebrated µ = 0 conjecture of Iwasawa. To do this, we first recall the structure theorem for finitely generated modules over the Iwasawa algebra Λ(G), where G is any group isomorphic to Z p . In this case, there is an isomorphism of the Iwasawa algebra Λ(G) with the power series ring Z p [[T ]] in one variable, with the property that, if γ is a fixed topological generator of G, the isomorphism maps the element γ − 1 to T . If M and N are finitely generated Λ(G)-modules, then M and N are said to be pseudo − isomorphic if there is a Λ(G)-homomorphism f : M → N with finite kernel and cokernel. The following structure theorem was proved by Iwasawa and independently by Serre (cf. [1, Chap. VII, §4]):-Theorem 2.1. Let M be a finitely generated module over Λ(G). Then there is a pseudoisomorphism
where the p i 's are prime ideals of height one. Further, the set of prime ideals {p i } and the set of integers {n i } are unique upto a bijection of the indexing set.
The integer r is called the rank of M . The importance of this theorem lies in the fact that it enables us to define two key invariants for finitely generated torsion Λ(G)-modules. Let M be a finitely generated torsion Λ(G)-module so that it has rank zero. Write
, for the set of prime ideals occurring in the structure theorem such that
and the λ-invariant of M is defined as
where M (p) denotes the p-primary torsion submodule of M . Note that if µ(M ) = 0, then M is a finitely generated Z p -module. Further, as the height one prime ideals of Λ(G) are principal, the characteristic ideal of M denoted ch G (M ), and defined by Let F be a number field and F cyc be the cyclotomic Z p -extension of F , with Γ = Gal(F cyc /F ) ≃ Z p . We denote by F ∞ the maximal abelian, p-extension of F cyc which is unramified everywhere. In other words, F ∞ is the p-Hilbert class field of F cyc . Let X ∞ denote the Galois group Gal(F ∞ /F cyc ). As X ∞ is abelian, it has a natural structure of a Γ-module. Indeed, given an element γ in Γ and an element x in X ∞ , the action is defined by
whereγ is any lift of γ to Gal(F ∞ /F ). It is easily checked that the action is independent of the lift since X ∞ is abelian. Further, it is well-known that any Z p -module with a continuous Γ-action has a natural structure as a compact
]-module and thus X ∞ is a compact module over the Iwasawa algebra. The following theorem is due to Iwasawa [8] :-
Iwasawa further conjectured that X ∞ is a finitely generated Z p -module, or equivalently µ(X ∞ ) = 0. Ferrero and Washington [4] proved that the conjecture holds when F/Q is an abelian extension. For F = Q, we have Q ∞ = Q cyc , and there is a unique prime of Q cyc above p as p is totally ramified in Q cyc . As the ideal class group of Q is zero, we thus have that the group (X ∞ ) Γ of Γ-coinvariants is trivial, and hence X ∞ is itself zero. Sinnott [16] later gave a different proof of the Ferrero-Washington theorem. It should be noted that Iwasawa gave examples of non-cyclotomic Z p -extensions of Q whose p-Hilbert class fields have positive µ-invariant [10] .
We shall next consider other infinite extensions of F cyc . Given a finite set S of primes in F that contains S p and the archimedean primes, we recall that F S denotes the maximal extension of F that is unramified outside S. As the primes in S p are the only nonarchimedean primes that ramify in F cyc , we have F S ⊇ F cyc .
Definition 2.3. F S (p) is defined to be the maximal Galois extension of F in F S such that the Galois group Gal(F S (p)/F ) is pro-p.
Note that the profinite degree of F S /F S (p) is not necessarily prime to p. Also,
We denote this Galois group by X S .
Again, as X S is abelian, we see that it has a structure of a Λ(Γ)-module, and the following theorem was proved by Iwasawa [8] :-Theorem 2.5. (Iwasawa) X S is a finitely generated Λ(Γ)-module of rank r 2 (F ), the number of complex embeddings of F . Further, µ(X S ) = µ(X ∞ ).
3. Free pro-p groups and Iwasawa's µ = 0 conjecture
Recall that a free pro-p group G over a set T is a pro-p group G, along with a map i : T → G satisfying the following properties: (i) Every open subgroup of G contains all but a finite number of elements of i(T ), (ii) If j : T →G is any other map with the property (i) into a pro-p groupG, then there exists a unique homomorphism f : G →G such that j = f • i.
For any group G, let cd p (G) denote the p-cohomological dimension of G. Recall that cd p (G) = n if the cohomology groups H k (G, M ) are trivial for all k ≥ n + 1, and all p-primary torsion modules M . In particular, if G is a pro-p group, then cd p (G) = n if and only if H k (G, M ) = 0 for all k > n, and M any discrete p-primary torsion G-module. The following theorem (see [15] ) characterises free pro-p groups:-Theorem 3.1. A pro-p group G is free if and only if cd p (G) = 1.
We return to the our number field F . The Weak Leopoldt Conjecture for F cyc is the assertion
This is equivalent to the assertion that Proof. By Theorem 2.5, it suffices to consider the Λ(Γ)-module X S . Consider the long exact Galois cohomology sequence associated to
Suppose that G S,p (F cyc ) is a free pro-p group. Then by Theorem 3.1, we have cd p (G S,p (F cyc )) is one and hence H 2 (G S,p (F cyc ), Z/p) = 0. Taking Pontryagin duals of the long exact sequence, along with the vanishing result of the Weak Leopoldt Conjecture (1), we see that (2) p − primary torsion of (
But this implies that G S,p (F cyc ) ab has no non-trivial p-torsion, and hence clearly µ(X S ) = 0. For the converse, we need to use one additional fact from Iwasawa theory, namely that the Pontryagin dual (H 1 (G S,p (F cyc ), Q p /Z p )) ∨ has no finite non-zero Λ(Γ)-submodule [8] .
Suppose now that µ(X S ) = 0. By the structure theorem for finitely generated Λ(Γ)-modules, it follows that the p-torsion of (
∨ is finite, and futher, by the above remark, it is in fact trivial. We therefore have H 2 (G S,p (F cyc ), Z/p) = 0. But the cohomological dimension of G S,p (F cyc ) is at most 2, as it is a closed subgroup of Gal(F S /F ) which has cohomological dimension 2 [15] . The conclusion now follows from Theorem 3.1.
An analogue for elliptic curves
The next simplest motive after the trivial Tate motive is the motive associated to an elliptic curve. Guided by the philosophy that results for the Tate motive have elliptic curve analogues, one seeks the corresponding results for elliptic curves of the material in the previous section. Let E be an elliptic curve over the number field F and as before, let p be an odd prime. We take S to be the finite set consisting of primes S p in F that lie above p, the archimedean primes, and the primes of bad reduction for the elliptic curve. Put G F = Gal(F /F ) for the absolute Galois group of F . Let
torsion points on E(F ). The Tate module of E, denoted T p (E), is defined by
and V p (E) = T p (E) ⊗ Q p , is the corresponding two dimensional Q p -vector space with a continuous action of G F . For the purposes of this article, we shall choose to be simple minded and consider the G F -module V p (E) as the 'dual of the Tate motive of the elliptic curve E'. We first discuss the analogous Λ(Γ)-modules in this context.
As before, let F ∞ denote the p-Hilbert class field of F cyc and X ∞ the Galois group Gal(F ∞ /F cyc ). At a first glance, classical Iwasawa theory for elliptic curves suggests that the corresponding Λ(Γ)-module in this context is the Pontryagin dual of the Selmer group over the cyclotomic extension. Recall that for a finite Galois extension L of F , the Selmer group S(E/L) of E over L is a discrete Gal(L/F )-module and is defined as
The Selmer group of E over F cyc is defined as the direct limit of S(E/L) as L varies over finite extensions of F in F cyc . Its Pontryagin dual is denoted by X(E/F cyc ) and is well-known to be a finitely generated module over Λ(Γ). It is a deep conjecture due to Mazur that if E has good ordinary reduction at the primes above p, X(E/F cyc ) is a torsion Λ(Γ)-module and there are plenty of numerical examples known where this conjecture holds. With this knowledge, one is naturally led to wonder if X(E/F cyc ) is a finitely generated Z p -module, which would be the analogue of Iwasawa's µ = 0 conjecture. However, Mazur already gave examples where this is not true, and the fact that the µ-invariant of X(E/F cyc ) is not zero causes endless technical difficulties in Iwasawa theory! An explicit example is the elliptic curve E/Q of conductor 11, defined by
For the prime p = 5, it is known that X(E/Q cyc ) is not a finitely generated Z p -module. One is thus naturally led to speculate on the common ground in this context for the trivial Tate motive and the motive of an elliptic curve. 
where
The fine Selmer group of E over F cyc , denoted R(E/F cyc ) is defined to be the direct limit of R(E/L) as L varies over finite extensions of F in F cyc .
The fine Selmer group R(E/F cyc ) is a discrete finitely generated module over the Iwasawa algebra Λ(Γ), and its compact Pontryagin dual is denoted by Y(E/F cyc ). This latter module is clearly a quotient of X(E/F cyc ). The Weak Leopoldt Conjecture for elliptic curves in this context is the assertion that
This conjecture is still open and is known to be true, for instance, if F = Q and E(Q) has Mordell-Weil rank at most one. A deep result of Kato [11] proves (4) for all but a finite number of primes p for every elliptic curve E over Q. If (4) 
Conjecture 4.2. (Coates-Sujatha) Y(E/F
cyc ) is a finitely generated Z p -module.
We believe that Y(E/F cyc ) is the analogue of X ∞ in this context, and that the above conjecture is the right analogue of Iwasawa's µ = 0 conjecture for the motive of an elliptic curve. In fact, the Galois group X ∞ has a natural quotient X ′ ∞ , which is the Galois group of the maximal abelian p-extension of F cyc that is unramified everywhere, and in which all primes above p split completely. Note that all other primes which do not lie above p automatically split in any unramified p-extension. Iwasawa showed that µ(X ∞ ) = µ(X ′ ∞ ). Let F (E p ∞ ) denote the Galois extension of F obtained by attaching to F the coordinates of all p-primary torsion points of E(F ). The following result is proved in [2, Theorem 3.4] . Thus, if Iwasawa's µ = 0 conjecture were known to be true for all number fields, then Conjecture 4.2 would follow. In general however, Conjecture 4.2 turns out to be rather delicate to prove. This is to be expected, given its close relationship to Iwasawa's µ = 0 conjecture. Analogous to the case of the Tate motive, one can establish the following result, which was independently noticed by Greenberg [7] . Proposition 4.4. Assume (4) holds. Then Conjecture 4.2 is equivalent to the assertion that
Proof. We only give a sketch of the proof. Consider the Λ(Γ)-modules
where the inverse limit is taken with respect to the natural corestriction maps over all finite extensions F ′ of F contained in F cyc . It can be shown (see [2] ) that the modules 
and that the latter has µ-invariant zero if it is finite, it is easily seen that the finiteness of Z 2 (E p /F cyc ) is equivalent to the assertion that Z 2 (T p E/F cyc ) is a finitely generated Z p -module. To complete the proof, we only need to remark that Z 2 (T p E/F cyc ) and Y(E/F cyc ) differ by finitely generated Z p -modules, a fact that can be deduced from the Poitou-Tate exact sequence.
A natural question that arises is whether Conjecture 4.2 is isogeny invaraint. Though we have been unable to establish this in full generality, we shall prove the following theorem. Theorem 4.5. Let E/Q be an elliptic curve with a rational p-isogeny over Q. The Conjecture 4.2 holds for E/F cyc .
Proof. Let W denote the kernel of the isogeny. Put F = Q(µ p , W ) for the abelian extension of Q defined as the composite of Q(µ p ) and the trivialising extension of W . Also let F 1 = Q(E p ). It is easy to check that the hypothesis implies that F 1 /F is a Galois p-extension. Further, as F/Q is abelian, Iwasawa's µ = 0 conjecture holds for the Galois group of F ∞ /F cyc , where F ∞ is the maximal abelian p-extension of F cyc unramified everywhere. Let F S,p denote the maximal pro-p quotient of Q S /F . By Theorem 3.2, the Galois group Gal(F S (p)/F cyc ) is free pro-p. Hence the subgroup Gal(F S (p)/F cyc 1 ) is also free pro-p. By Theorem 3.1, we deduce that the cohomology groups H 2 (Q S /F cyc 1 , E p ) and H 2 (Q S /F cyc , E p ) are trivial. Let ∆ be the Galois group of F/Q; it can also be identified with the Galois group Foutside the primes of S. Let G S,p (K ∞ ) denote the maximal pro-p quotient of the Galois group Gal(K S /K ∞ ). By a result of Perrin-Riou [13] , it is known that the Weak Leopoldt Conjecture holds for K ∞ and the Galois modules E p ∞ and E p ∞ ; in other words that
Arguing as in §3 (cf. Theorem 3.2), it then follows that G S,p (K ∞ ) is free and hence has p-cohomological dimension at most one. Further, using the Hochschild-Serre spectral sequence as in the proof of Theorem 4.5, one then sees that
It seems difficult to directly deduce Conjecture A for K cyc or F cyc , where F = K(E p ) by these methods. In [5] , the following stronger conjecture was put forth (see also [3] ):-Conjecture 4.6. Let K be an imaginary quadratic field and let E be an elliptic curve defined over K such that End K (E) ⊗ Q is isomorphic to K. Let p be an odd prime which splits in K, and such that E has good reduction at both primes of K above p. Then the dual Selmer group of E over K cyc is a finitely generated Z p -module. In particular, if E is defined over Q, the dual Selmer group of E over Q cyc is a finitely generated Z p -module.
In this case, let F = K(E p ) and F ∞ = K(E p ∞ ), and put H = Gal(F ∞ /F cyc ). All we know at present, is that in this case the dual Selmer group of E over F ∞ is a finitely generated Λ(H)-module if and only if the dual Selmer group of E over F cyc is a finitely generated Z p -module.
